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1.	  Objec2ve	  &	  main	  principles	  



Main	  principles	  

•  Filtering:	  Upda2ng	  state	  variable	  sequen2ally	  in	  2me	  

Variable	  t 	   	  Variable	  t+1 	   	   	  Variable	  t+2 	   	   	  Variable	  t+3	  
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Summary	  

•  Filter	  and	  smoother	  are	  two	  tools	  for	  
upda2ng	  dynamic	  state	  variables	  

•  State	  variables	  are	  updated	  sequen2ally	  in	  
2me	  using	  data	  

•  Measurement	  and	  model	  errors	  are	  both	  
taken	  into	  account	  
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Model	  specifica2on	  

Two	  equa2ons	  
	  

•  Observa1on	  equa1on	  
Relates	  an	  observa2on	  collected	  at	  2me	  t	  to	  the	  model	  
state	  variable(s)	  	  
	  

•  System	  equa1on	  
Describes	  the	  dynamic	  behavior	  of	  the	  state	  variables.	  
It	  relates	  the	  values	  of	  the	  vector	  of	  the	  state	  variables	  	  
at	  2me	  t	  to	  the	  values	  at	  2me	  t-‐1	  	  



Observa2on	  equa2on	  

Yt = f Zt,Xt
(y),δ,εt( )

State	  variable	  
at	  2me	  t	  

Input	  variable	  
at	  2me	  t	  

Fixed	  
parameters	  

Random	  term	  
accoun2ng	  for	  the	  
imperfec1on	  of	  the	  

rela2onship	  



System	  equa2on	  

Zt = g Zt−1,Xt
(z),θ,ηt−1( )

State	  variable	  
at	  2me	  t	  

State	  variable	  
at	  2me	  t-‐1	  

Input	  variable	  
at	  2me	  t	  

Fixed	  
parameters	  

Random	  term	  
describing	  model	  

error	  



Model	  specifica2on	  

•  Observa1on	  equa1on	  
	  
	  
	  

•  System	  equa1on	  

Yt = f Zt,Xt
(y),δ,εt( )

Zt = g Zt−1,Xt
(z),θ,ηt−1( )



Example	  1:	  Random	  walk	  model	  

•  Observa1on	  equa1on	  

•  System	  equa1on	  
	  

Yt = Zt +εt

Zt = Zt−1 +ηt−1

εt ~ N 0,σε
2( )

ηt−1 ~ N 0,ση
2( )



Yt	  
Zt	  

Example	  1:	  Random	  walk	  model	  

Wheat	  yield	  data	  in	  Greece	  (FAO)	  



•  Use	  of	  two	  equa2ons	  
– Observa2on	  equa2on	  
– System	  equa2on	  

•  Very	  flexible	  
– Data:	  con2nuous,	  binary,	  count	  
– One	  or	  several	  state	  variables	  

•  From	  simple	  to	  complex	  models	  
– Linear	  Gaussian	  models	  
– Nonlinear	  models	  

Summary	  
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Filter	  and	  smoother	  using	  Gaussian	  
dynamic	  linear	  models	  

	  



•  Observa2on	  equa2on	  
	  
	  
	  

•  System	  equa2on	  

Yt = f Zt,Xt
(y),δ,εt( )

Zt = g Zt−1,Xt
(z),θ,ηt−1( )

f	  is	  linear	  	  

g	  is	  linear	  	  

εt	  	  	  is	  Gaussian	  	  

ηt−1	  	  	  is	  Gaussian	  	  

Gaussian	  linear	  model	  



Gaussian	  linear	  model	  

•  Observa2on	  equa2on	  
	  
	  
	  

•  System	  equa2on	  

Yt = FZt +εt

Zt =GZt−1 +ηt−1



Example	  1:	  Random	  walk	  model	  

•  Observa2on	  equa2on	  

•  System	  equa2on	  
	  

Yt = Zt +εt

Zt = Zt−1 +ηt−1

εt ~ N 0,σε
2( )

ηt−1 ~ N 0,ση
2( )

f	  =	  iden1ty	  	  

g	  =	  iden1ty	  	  



Kalman	  filter	  using	  Gaussian	  linear	  
models	  

•  Expected	  value	  and	  variance	  before	  update	  at	  2me	  t	  
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Kalman	  smoother	  using	  Gaussian	  
linear	  models	  

E Zt Y1:N( ) V Zt Y1:N( )

Y1:N = Y1,...,Yt,...,YN( )



Example	  1:	  Random	  walk	  model	  
(t=1)	  

•  Observa2on	  equa2on	  

•  System	  equa2on	  
	  

Y1 = Z1 +ε1

Z1 = Z0 +η0

ε1 ~ N 0,σε
2( )

η0 ~ N 0,ση
2( )



Example	  1:	  Random	  walk	  model	  
Kalman	  filter	  (t=1)	  

E Z1 |Y1( ) = Z0 +K Y1 − Z0( )

K =
ση
2

ση
2 +σε

2

V Z1 |Y1( ) = 1−K( )ση
2
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K =
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2
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2 +σε
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Example	  1:	  Random	  walk	  model	  
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!

ση
2 = 0.007 σε

2 =1

Filter	  

Smoother	  



Parameter	  es2ma2on	  for	  Gaussian	  
linear	  models	  

•  Results	  of	  the	  Kalman	  filter	  depends	  on	  key	  
parameters	  
– Variance	  of	  model	  errors	  
– Variance	  of	  the	  observa2on	  equa2on	  

•  These	  parameters	  can	  be	  es2mated	  from	  data	  
– Maximum	  likelihood	  
– Bayesian	  method	  
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!
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Arbitrary	  parameter	  values	  



ση
2 = 0.014 σε

2 = 0.07

Filter	  

Smoother	  

Maximum	  likelihood	  es2ma2on	  



Example	  2:	  Model	  with	  dynamic	  2me	  trend	  

•  Observa1on	  equa1on	  

	  
•  System	  equa1on	  
	  

Yt = FZt +εt
F = (1, 0)

εt ~ N 0,σε
2( )

Zt =GZt−1 +ηt−1

Zt =
at
bt

!
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ηt−1 ~ N 0,Σ( )



Example	  2:	  Model	  with	  dynamic	  2me	  trend	  

•  Observa1on	  equa1on	  

	  
•  System	  equa1on	  
	  

εt ~ N 0,σε
2( )

at = at−1 + bt−1 +ηt−1
(a) ηt−1

(a) ~ N 0,σ a
2( )

bt = bt−1 +ηt−1
(b) ηt−1

(b) ~ N 0,σ b
2( )

Yt = at +εt



Example	  2:	  Model	  with	  dynamic	  2me	  trend	  

t	  

Yt	  



Example	  2:	  Model	  with	  dynamic	  2me	  trend	  

t	  

Yt	  

a1	  

b1	  
a2	  



Example	  2:	  Model	  with	  dynamic	  2me	  trend	  

t	  

Yt	  

a1	  

b1	  
a2	  

b2	  

a3	  



Example	  2:	  Model	  with	  dynamic	  2me	  trend	  

E at |Y1:t( )

E at |Y1:N( )

E bt |Y1:t( )

E bt |Y1:N( )

V at |Y1:t( ) V bt |Y1:t( )

V at |Y1:N( ) V bt |Y1:N( )

Level	  	   Trend	  	  

Filter	  	  

Smoother	  	  



Maximum	  likelihood	  es2ma2on	  

Filter	  

Smoother	  

σ a
2 =1.11E − 09 σε

2 = 0.077σ b
2 = 2.38E − 04



Predic2ons	  

•  Random	  walk	  

•  Dynamic	  2me	  trend	  

Yt+K
(P ) = E aN |Y1:N( )

Yt+K
(P ) = E aN |Y1:N( )+E bN |Y1:N( )×K



Random	  walk	   Dynamic	  trend	  



A	  large	  scale	  applica2on	  
(Michel	  &	  Makowski,	  2013)	  

Wheat	  in	  Brazil	  



A	  large	  scale	  applica2on	  
(Michel	  &	  Makowski,	  2013)	  

Wheat	  in	  France	   Wheat	  in	  Brazil	  



A	  large	  scale	  applica2on	  
(Michel	  &	  Makowski,	  2013)	  



Package	  dlm	  (dynamic	  linear	  model)	  

•  Petris	  (2010)	  

•  Implement	  dynamic	  linear	  Gaussian	  models	  

•  Es2mate	  parameters	  by	  maximum	  likelihood	  

•  Filtering	  and	  smoothing	  	  



Random	  walk	  model	  

•  Observa1on	  equa1on	  

•  System	  equa1on	  
	  

Yt = Zt +εt

Zt = Zt−1 +ηt−1

εt ~ N 0,σε
2( )

ηt−1 ~ N 0,ση
2( )



ση
2 = 0.014 σε

2 = 0.07

Filter	  

Smoother	  

Maximum	  likelihood	  es2ma2on	  









Maximum	  likelihood	  es2ma2on	  
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Model	  with	  dynamic	  2me	  trend	  

•  Observa1on	  equa1on	  

	  
•  System	  equa1on	  
	  

Yt = FZt +εt
F = (1, 0) εt ~ N 0,σε

2( )











Summary	  

•  Kalman	  filter	  and	  smoother	  can	  be	  applied	  
using	  dynamic	  linear	  gaussian	  models	  

•  These	  models	  can	  handle	  a	  great	  diversity	  of	  
situa2ons	  (see	  prac2cal	  session)	  

•  They	  can	  be	  implemented	  using	  R	  (see	  
prac2cal	  session)	  
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Conclusion	  (1)	  
•  Data	  assimila2on	  is	  a	  powerful	  tool	  for	  upda2ng	  dynamic	  

models	  

•  Filtering	  and	  smoothing	  allow	  one	  to	  combine	  a	  model	  and	  
measurements	  in	  useful	  ways,	  taking	  into	  account	  the	  
uncertain2es	  in	  each.	  	  

•  Filtering	  is	  useful	  for	  es2ma2ng	  sequen2ally	  in	  2me	  the	  
values	  of	  one	  or	  several	  state	  variables,	  whereas	  smoothing	  
can	  be	  used	  to	  es2mate	  past	  values	  of	  state	  variables	  using	  all	  
available	  measurements.	  	  	  	  



Conclusion	  (2)	  

•  To	  implement	  these	  methods,	  it	  is	  necessary	  
to	  define	  the	  system	  models	  using	  two	  
different	  equa2ons;	  an	  observa2on	  equa2on	  
(rela2ng	  observa2on	  to	  state	  variables)	  and	  a	  
system	  equa2on	  (describing	  the	  dynamic	  of	  
the	  state	  variables).	  	  



•  Filtering	  and	  smoothing	  use	  these	  equa2ons	  
to	  calculate	  the	  expected	  values	  and	  variances	  
of	  the	  state	  variables	  condi2onally	  to	  one	  or	  
several	  measurements.	  	  	  

•  For	  linear	  Gaussian	  models,	  the	  expected	  
values	  and	  variances	  can	  be	  computed	  
analy2cally	  and	  the	  dlm	  R	  package	  makes	  the	  
calcula2ons	  very	  accessible.	  	  

	  

Conclusion	  (3)	  
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