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Sources of uncertainty in a model 

Equations Input variables Parameters 

( ),G x θ



Types of uncertainty  

•  Lack of knowledge 

•  Measurement error   

•  Variability of the system characteristics 



Uncertainty	
  and	
  sensiBvity	
  analysis;	
  	
  
two	
  techniques	
  with	
  two	
  different	
  objecBves	
  	
  

• Objec've	
  of	
  an	
  uncertainty	
  analysis:	
  	
  
to study the consequence of uncertainty by computing a 
probability distribution on model output from the set of 
probability distributions on model inputs. 
	
  

• Objec've	
  of	
  a	
  sensiBvity	
  analysis:	
  	
  
to	
  rank	
  of	
  uncertain	
  inputs	
  according	
  to	
  their	
  influence	
  on	
  
the	
  output	
  



Practical interest 
of uncertainty analysis 

- Give information about the uncertainty associated with model 
prediction 

- Optimize decision variables  

 
of sensitivity analysis 

-  Identify the parameters and input variables which strongly influence 
the model outputs 

à  Important to know them accurately  

 

-  Identify the parameters and input variables which do not strongly 
influence the model outputs 

à Less important to know them accurately   



Uncertainty analysis 

Its	
  purpose	
  is	
  to	
  answer	
  the	
  following	
  ques'on:	
  

«	
  What	
  is	
  the	
  uncertainty	
  about	
  the	
  output	
  resulBng	
  
from	
  the	
  uncertainty	
  about	
  the	
  inputs?	
  »	
  

z1	
  

y(z1	
  ,	
  z2)	
  

We have 

We want to compute 

z2	
  

and  



Sensitivity analysis 

Its	
  purpose	
  is	
  to	
  answer	
  the	
  ques'on:	
  

«	
  What	
  are	
  the	
  most	
  important	
  uncertain	
  inputs?	
  »	
  

y(z)	
  

Variance	
  of	
  y(z)	
  =	
  effect	
  of	
  z1	
  +	
  effect	
  of	
  z2	
  +	
  …	
  





•  Several factors may influence the results of 
uncertainty and sensitivity analysis 

•  Validity of conclusion may be limited 

•  Important to follow some practical rules 

Warning	
  



Example:	
  Wetness	
  model	
  (Magarey	
  et	
  al.,	
  2005)	
  

Model	
  T	
   W	
  

W = leaf wetness duration requirement for successful fungal infection (h) 
T = average temperature (°C) 

Parameters	
  



Model	
  T	
   W	
  

Parameters	
  

( ) ( )min max/

max min

max min

( )
opt optT T T T

opt opt

T T T Tf T
T T T T

− −
⎛ ⎞⎛ ⎞− −

= ⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟− −⎝ ⎠⎝ ⎠

Five	
  parameters:	
  Tmin,	
  Topt,	
  Tmax,	
  Wmin,	
  Wmax	
  

W =
Wmin

f (T )
,  and W ≤Wmax



Magarey et al. (2005) 



Magarey et al. (2005) 
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citricarpa Kiely , and associated response of W to temperature (from 

EFSA, 2008)  
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Uncertainty	
  about	
  the	
  model	
  parameters	
  
Guignardia	
  citricarpa	
  Kiely	
  	
  

    Min  Max   
 

  Tmin  (°C)  10  15 
  Tmax  (°C)  32  35 
  Topt  (°C)  25  30 
  Wmin  (h)  12  14 
  Wmax  (h)  35  48 

Panel	
  on	
  Plant	
  Health,	
  from	
  EFSA	
  (2008)	
  



Uncertainty analysis 
Its purpose is to answer the following question: 

« What is the uncertainty about y(z) resulting from the uncertainty about z ? » 

z1 

y(z) 

We have 

We want to compute 

z2 

and  



Application to a very simple model 
Equation:      y(z1, z2) = z1 + 2 z2  

Uncertainty about z1 and z2:     z1 ~ N(20, 16) and z2 ~ N(60, 64) 
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Question: Perform an uncertainty analysis 

Value of z1 Value of z2 
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« You need to determine the probability distribution of y(z1, z2) 
from the distributions of z1 and z2 » . 

 

Properties: 

If z1 and z2 are two independant variables with Gaussian 
distributions then  

A z1 + B z2 follows a Gaussian distribution 

E(A z1+B z2)=A E(z1)+B E(z2) 

var(A z1+B z2)=A² var(z1)+B² var(z2) 

 

Application to a very simple model 
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y(z1,z2) ~ N(140, 272)  

For this simple model, it is possible to determine the exact expression of the 
distribution of y(z1,z2) : 

Application to a very simple model 
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Value of y(z1, z2) 



In general, it is more difficult 

•  More complex equations, non linear relationship between y(z) and z 

àThe analytical expression of the distribution of y(z) cannot be determined  

•  The distribution of z is not always well known 

à Subjective choice 

•  Computation times can be long with some models 

à The number of simulations is limited 



1. Define the distributions of z1, …, zp. 
 

2. Generate samples from the distributions defined in step 1 
 

3. Compute y(z) for each generated set z1, …, zp  
 

4. Describe/Approximate the distribution of y(z) 
 

A four step approach based on Monte Carlo 
simulation  



A four step approach based on Monte Carlo 
simulation  

1.	
  Define	
  the	
  probability	
  distribuBons	
  of	
  Tmin	
  ,	
  Topt	
  ,	
  Tmax	
  ,	
  Wmin	
  ,	
  Wmax	
  
	
  

2.	
  Generate	
  N	
  values	
  from	
  the	
  distribuBons	
  defined	
  in	
  step	
  1	
  
	
  

3.	
  Compute	
  W	
  for	
  each	
  generated	
  set	
  Tmin	
  ,	
  Topt	
  ,	
  Tmax	
  ,	
  Wmin	
  ,	
  Wmax	
  
	
  

4.	
  Describe/Approximate	
  the	
  distribuBon	
  of	
  W	
  

	
  



Step	
  1	
  –	
  Defini'on	
  of	
  distribu'ons	
  for	
  the	
  uncertain	
  
inputs	
  	
  

•  This	
  step	
  is	
  not	
  straigh\orward	
  

•  Several	
  choices	
  possible	
  for	
  Tmin	
  ,	
  Topt	
  ,	
  Tmax	
  ,	
  Wmin	
  ,	
  Wmax	
  
	
  
	
  
	
  	
  



Step	
  1	
  –	
  Defini'on	
  of	
  distribu'ons	
  for	
  the	
  
uncertain	
  inputs	
  	
  

	
  Ex:	
  Three	
  types	
  of	
  distribu'on	
  are	
  considered	
  here	
  
ü  Independent	
  Uniform	
  distribu'ons	
  
ü  Independent	
  Triangle	
  distribu'ons	
  
ü  Non-­‐independent	
  Triangle	
  distribu'ons	
  (Tmin	
  and	
  Topt	
  posi'vely	
  correlated)	
  

	
  	
  
	
  	
  

Tmin	
  

Prob.	
  
density	
  

10	
   15	
   Tmin	
  10	
   15	
  



 Rule 1: « Be transparent about assumptions » 

Step	
  1	
  –	
  Defini'on	
  of	
  distribu'ons	
  for	
  the	
  
uncertain	
  inputs	
  	
  



Step	
  2	
  –	
  Random	
  genera'on	
  of	
  N	
  values	
  from	
  the	
  
chosen	
  distribu'ons	
  	
  
	
  
•  The	
  choice	
  of	
  N	
  is	
  cri'cal	
  

•  Reliability	
  of	
  the	
  conclusion	
  depends	
  on	
  N	
  

•  Computa'on	
  'me	
  can	
  be	
  a	
  limi'ng	
  factor	
  



Step	
  2	
  

N=10	
  (independent	
  uniform)	
  



Step	
  2	
  
N=100	
  (independent	
  uniform)	
  

	
  
	
  



Step	
  2	
  

N=1,000	
  (independent	
  uniform)	
  
	
  
	
  



Step	
  3	
  –	
  Computa'on	
  of	
  the	
  model	
  output	
  W	
  for	
  
each	
  generated	
  parameter	
  set	
  

N=10	
  

	
  

Model	
  
	
  



Step	
  3	
  
	
  
	
  

N=100	
  

	
  

Model	
  
	
  



Step	
  3	
  
	
  
	
  

N=1,000	
  

	
  

Model	
  
	
  



 Rule 2: « Study the effect of 
increasing the number of simulations » 



Step	
  4	
  -­‐	
  Describe/Approximate	
  the	
  
distribu'on	
  of	
  the	
  model	
  output	
  

	
  
	
  
•  Usually,	
  several	
  model	
  outputs	
  can	
  be	
  analysed	
  

•  Summary	
  sta's'cs	
  can	
  be	
  calculated	
  for	
  each	
  output	
  
of	
  interest	
  (e.g.,	
  mean,	
  median,	
  percen'les,	
  standard	
  
devia'on,	
  correla'on)	
  

•  Graphics	
  are	
  usually	
  useful	
  (e.g.,	
  scaeerplot,	
  boxplot,	
  
contour	
  plot)	
  

	
  



Step	
  4	
  -­‐	
  Describe/Approximate	
  the	
  
distribu'on	
  of	
  the	
  model	
  output	
  

	
  

Q99	
  
Q90	
  
	
  
Mean	
  
	
  
Q10	
  
Q01	
  

N=1,000	
  



Rule 3: « Define precisely the model outputs of 
interest, and explore different aspects of the 
distribution of these outputs » 



Q99	
  
	
  
Q90	
  
	
  
	
  
Q50	
  
Q10	
  
Q01	
  

Nb.	
  of	
  simula'ons	
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25
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Es'mated	
  extreme	
  quan'les	
  may	
  be	
  unstable!	
  



Results	
  may	
  depend	
  on	
  distribu'on	
  assump'ons!	
  
Uniform	
  and	
  independent	
  



Results	
  may	
  depend	
  on	
  distribu'on	
  assump'ons!	
  
Triangle	
  and	
  independent	
  



Results	
  may	
  depend	
  on	
  distribu'on	
  assump'ons!	
  
Triangle	
  with	
  correla'on	
  between	
  Topt	
  and	
  Tmin	
  



with	
  independent	
  uniform	
  distribu'ons	
  
	
  

	
  50%	
  	
  	
  	
  	
  	
   	
  95%	
  	
  	
  	
  	
  	
   	
  99%	
  	
  
	
  14.52	
   	
   	
  27.78	
   	
   	
  39.61	
  h	
  	
  

	
  
with	
  independent	
  triangle	
  distribu'ons	
  
	
  	
  	
  	
  	
  	
  	
  

	
  50%	
  	
  	
  	
  	
  	
   	
  95%	
  	
  	
  	
  	
  	
   	
  99%	
  	
  
	
  14.51	
   	
   	
  20.82	
   	
   	
  26.20	
  h	
  

	
  
with	
  non-­‐independent	
  triangle	
  distribu'ons	
  

	
  	
  

	
  50%	
  	
  	
  	
  	
  	
   	
  95%	
  	
  	
  	
  	
  	
   	
  99%	
  	
  
	
  14.44	
   	
   	
  23.35	
   	
   	
  32.38	
  h	
  

Percen'les	
  of	
  W	
  obtained	
  for	
  T=25°C	
  with	
  
different	
  input	
  distribu'ons	
  (N=10,000)	
  



Rule	
  4:	
  «	
  Assess	
  the	
  robustness	
  of	
  the	
  results	
  to	
  
	
  	
  

-­‐  the	
  number	
  of	
  simula'ons	
  	
  
-­‐  distribu'on	
  assump'ons	
  »	
  	
  



Sensitivity analysis 

Its	
  purpose	
  is	
  to	
  answer	
  the	
  ques'on:	
  

«	
  What	
  are	
  the	
  most	
  important	
  uncertain	
  inputs?	
  »	
  

y(z)	
  

Variance	
  of	
  y(z)	
  =	
  effect	
  of	
  z1	
  +	
  effect	
  of	
  z2	
  +	
  …	
  



Local sensitivity analysis or  
Global sensitivity analysis ? 

z 

y(z) 

z0 

Local SA  
variation of y(z) « around » z0 

z 

y(z) 

Global SA  
Global variation of y(z) when z 
varies within its uncertainty range 

zmin zmax 



Practical interest of sensitivity analysis 
 
i) Identify the parameters and input variables which strongly influence the 
model outputs 
 à Important to know them accurately 
 
ii) Identify the parameters and input variables which do not strongly 
influence the model outputs 
à Less important to know them accurately   

iii) Analyze the behaviour of the model at some points  



Local sensitivity analysis 

Based on the computation of derivatives 



Global sensitivity analysis 

It consists in 

•  Defining sensitivity indices 

•  Compute the indices by varying the uncertain factors z1, …, zp 
over their ranges 



Sensi'vity	
  indices	
  
Many	
  methods	
  are	
  available	
  

ü One-­‐at-­‐a-­‐'me	
  
ü Morris	
  method	
  
ü Correla'ons	
  between	
  inputs	
  and	
  outputs	
  
ü Variance-­‐based	
  methods	
  

•  Factorial	
  design	
  +	
  anova	
  
•  Sobol	
  method	
  
•  FAST	
  (Fourrier)	
  

Software a 
ü  R (packages sensitivity & mtk) 
ü  @risk, Crystal Ball etc. 



Rule	
  5:	
  «	
  Be	
  aware	
  of	
  the	
  capabili'es	
  of	
  different	
  
sensi'vity	
  analysis	
  techniques	
  and,	
  when	
  possible,	
  
compare	
  results	
  »	
  	
  



Method of Morris 
•  Define a design by combining k values of the p uncertain factors  
  
•  Choose an element of this design 
•  Add a « jump » Δij to the ith uncertain factor 
•  Compute the elementary effect 

•  Repeat this procedure for all uncertain factor (i=1, …, p) 

•  Repeat r times all steps (j =1, …, r)  
 
•  Compute mean and variance of elementary effects from r replicates 

( ) ( )1 1,..., , ,...,i i ij p
ij

ij

y z z z z y z
d −

⎡ ⎤+Δ −⎣ ⎦=
Δ
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r
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∑
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Method of Morris  
Two examples of trajectories (p=2, k=3, r=2) 

z1	
  

z2	
  



Method of Morris  
Presentation of the results 

σ 

µ 

z1 

z2 

Overall importance 

Interaction and/or nonlinear 
effect 
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Method of Morris (T=25°C) 



Method of Morris (T=16°C) 
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Conclusion	
  (1)	
  

•  Several factors may influence the results of uncertainty and 
sensitivity analysis 

•  Validity of conclusion may be limited 

•  Important to follow some rules 
ü  Be transparent about assumptions and methods 

ü  Study the effect of increasing the number of simulations 
ü  Define precisely the model output of interest, and explore different 

aspects of the distribution of this model output  

ü  Assess robustness of results to distribution assumptions 
ü  Be aware of the capabilities of different sensitivity analysis 

techniques and, when possible, compare results 
 



•  Software are available for uncertainty and sensitivity analysis, 
but some training is necessary 

à Organize training sessions focused on models for PRA? 
o  Part 1: Training on the use of some models (e.g., simple spread 

models) 
o  Part 2: Uncertainty and sensitivity analysis 

•  Results may depend on the chosen parameter probability 
distributions 
 
à Important to derive reliable model parameter probability 

distributions 

Conclusion	
  (2)	
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