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Es2ma2on	
  of	
  parameters	
  (θ)	
  

Parameter	
  =	
  numerical	
  value	
  not	
  calculated	
  by	
  the	
  model	
  and	
  
not	
  observed.	
  	
  

	
  

Informa2on	
  available	
  to	
  es2mate	
  parameters	
  

-­‐	
  A	
  set	
  of	
  observa2ons	
  (y).	
  

-­‐	
  Prior	
  knowledge	
  about	
  parameter	
  values.	
  	
  



9	
  

Two	
  distribu2ons	
  in	
  Bayes’	
  theorem	
  

	
  

• 	
  Likelihood	
  func2on	
  =	
  func2on	
  rela2ng	
  data	
  to	
  parameters.	
  

( )P y θ

• 	
  Prior	
  parameter	
  distribu2on	
  =	
  probability	
  distribu2on	
  describing	
  
our	
  ini2al	
  knowledge	
  about	
  parameter	
  values.	
  	
  

	
   ( )P θ
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Measurements	
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Example	
  1	
  
Es2ma2on	
  of	
  crop	
  yield	
  θ	
  	
  by	
  combining	
  a	
  measurement	
  with	
  expert	
  knowledge.	
  

Measurement 
y = 9 t/ha ± 1 

about 5 t/ha  ± 2 

Expert 

Field	
  with	
  unknown	
  
yield	
  θ	
  

Plot	
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Example	
  1	
  
Es2ma2on	
  of	
  crop	
  yield	
  θ	
  	
  by	
  combining	
  a	
  measurement	
  with	
  expert	
  knowledge.	
  

• 	
  One	
  parameter	
  to	
  es)mate:	
  the	
  crop	
  yield	
  θ.	
  

• 	
  Two	
  types	
  of	
  informa)on	
  available:	
  	
  

	
  -­‐	
  A	
  measurement	
  equal	
  to	
  9	
  t/ha	
  with	
  a	
  standard	
  error	
  equal	
  to	
  1	
  t/ha.	
  

	
  -­‐	
  An	
  es)ma)on	
  provided	
  by	
  an	
  expert	
  equal	
  to	
  5	
  t/ha	
  with	
  a	
  standard	
  
	
  error	
  equal	
  to	
  2	
  t/ha.	
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Prior	
  distribu2on	
  

• 	
  It	
  describes	
  our	
  belief	
  about	
  the	
  parameter	
  values	
  before	
  we	
  
observe	
  the	
  measurements.	
  

• 	
  It	
  is	
  based	
  on	
  past	
  studies,	
  expert	
  knowledge,	
  and	
  li]erature.	
  



14	
  

Example	
  1	
  (con2nued)	
  
Defini2on	
  of	
  a	
  prior	
  distribu2on	
  

θ	
  ~	
  N(	
  µ,	
  τ²	
  )	
  

( ) ( ) ( )
⎥
⎦

⎤
⎢
⎣

⎡

×

−
−=⎥

⎦

⎤
⎢
⎣

⎡ −
−=

42
5exp

42
1

2
exp

2
1 2

2

2

2

θ
πτ

µθ

πτ
θP

• 	
  Normal	
  probability	
  distribu)on.	
  

• 	
  Expected	
  value	
  equal	
  to	
  5	
  t/ha.	
  

• 	
  Standard	
  error	
  equal	
  to	
  2	
  t/ha	
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Example	
  1	
  (con2nued)	
  
Plot	
  of	
  the	
  prior	
  distribu2on	
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Likelihood	
  func2on	
  

• 	
  A	
  likelihood	
  func2on	
  is	
  a	
  func2on	
  rela2ng	
  data	
  to	
  parameters.	
  

• 	
  It	
  is	
  equal	
  to	
  the	
  probability	
  that	
  the	
  measurements	
  would	
  have	
  been	
  
observed	
  given	
  some	
  parameter	
  values.	
  	
  

• 	
  Nota2on:	
  P(y	
  |θ	
  )	
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Example	
  1	
  (con2nued)	
  

Sta2s2cal	
  model	
  	
  

y	
  |θ	
  ~	
  N(θ,	
  σ²	
  )	
  

y	
  =	
  θ	
  +	
  ε	
   	
  with	
  ε	
  ~	
  N(	
  0,	
  σ²	
  )	
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Example	
  1	
  (con2nued)	
  
Defini2on	
  of	
  a	
  likelihood	
  func2on	
  

• 	
  Normal	
  probability	
  distribu)on.	
  

• 	
  Measurement	
  y	
  assumed	
  unbiaised	
  and	
  equal	
  to	
  9	
  t/ha.	
  

• 	
  Standard	
  error	
  σ	
  assumed	
  equal	
  to	
  1	
  t/ha	
  	
  

y	
  |	
  θ	
  ~	
  N(θ,	
  σ²	
  )	
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Example	
  1	
  (con2nued)	
  
Defini2on	
  of	
  a	
  likelihood	
  func2on	
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Maximum	
  likelihood	
  

Likelihood	
  func2ons	
  are	
  also	
  used	
  by	
  frequen2st	
  to	
  implement	
  the	
  
maximum	
  likelihood	
  method.	
  	
  

	
  

The	
  maximum	
  likelihood	
  es2mator	
  is	
  the	
  value	
  of	
  θ	
  maximizing	
  	
  

P(y	
  |	
  θ	
  )	
  .	
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Example	
  1	
  (con2nued)	
  
Analy2cal	
  expression	
  of	
  the	
  posterior	
  distribu2on	
  

θ	
  |	
  y	
  ~	
  N(	
  µpost	
  ,	
  τpost²	
  )	
  

( )1 8.2post B B yµ µ= − × + × =

( ) 8.01 22 =×−= ττ Bpost
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1.  Result	
  is	
  a	
  probability	
  distribu)on	
  (posterior	
  distr.)	
  
2.  Posterior	
  mean	
  is	
  intermediate	
  between	
  prior	
  mean	
  and	
  

observa)on.	
  
3.  Weight	
  of	
  each	
  depends	
  on	
  prior	
  variance	
  and	
  

measurement	
  error.	
  
4.  Posterior	
  variance	
  is	
  lower	
  than	
  both	
  prior	
  variance	
  and	
  

measurement	
  error	
  variance.	
  
5.  Used	
  just	
  one	
  data	
  point	
  and	
  s)ll	
  got	
  es)mator.	
  

Example	
  1	
  (con2nued)	
  

Discussion	
  of	
  the	
  posterior	
  distribu2on	
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Frequen2st	
  versus	
  Bayesian	
  

Bayesian	
  analysis	
  introduces	
  an	
  element	
  of	
  subjec2vity:	
  	
  
	
  the	
  prior	
  distribu4on.	
  

	
  
	
  
But	
  its	
  representa2on	
  of	
  the	
  uncertainty	
  is	
  easy	
  to	
  understand	
  	
  
	
  
-­‐	
  the	
  uncertainty	
  is	
  assessed	
  condi2onally	
  to	
  the	
  observa2ons,	
  
	
  
-­‐	
  the	
  calcula2ons	
  are	
  straighVorward	
  when	
  the	
  posterior	
  distribu2on	
  is	
  known.	
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Which	
  is	
  beXer?	
  

Bayesian	
  methods	
  oZen	
  lead	
  to	
  

-­‐	
  more	
  realis2c	
  es2mated	
  parameter	
  values,	
  

-­‐	
  in	
  some	
  cases,	
  more	
  accurate	
  model	
  predic2ons.	
  
	
  

	
  

Problems	
  when	
  prior	
  informa2on	
  is	
  wrong	
  and	
  when	
  one	
  
has	
  a	
  strong	
  confidence	
  in	
  it.	
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Example	
  2	
  
Es2ma2on	
  of	
  a	
  disease	
  incidence	
  θ	
  	
  by	
  combining	
  a	
  measurement	
  with	
  expert	
  knowledge.	
  

Measurement  
on n plants  

y diseased plants 

n-y undiseased plants  

Expert 

Field	
  with	
  unknown	
  
disease	
  incidence	
  θ	
  

Plot	
   ?	
  



Expert	
  elicita)on	
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Example	
  2	
  
Es2ma2on	
  of	
  a	
  disease	
  incidence	
  θ	
  	
  by	
  combining	
  a	
  measurement	
  with	
  expert	
  knowledge.	
  

Measurement  
on n plants  

y diseased plants 

n-y undiseased plants  

Expert 

Field	
  with	
  unknown	
  
disease	
  incidence	
  θ	
  

Plot	
   Alpha=1.142	
  
Beta=2.851	
  



Prior	
  
Alpha=1.142	
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Example	
  2	
  
Es2ma2on	
  of	
  a	
  disease	
  incidence	
  θ	
  	
  by	
  combining	
  a	
  measurement	
  with	
  expert	
  knowledge.	
  

Measurement  
on 10 plants  

5 diseased plants 

5 undiseased plants  

Expert 

Field	
  with	
  unknown	
  
disease	
  incidence	
  θ	
  

Plot	
   Alpha=1.142	
  
Beta=2.851	
  



Posterior	
  
y=5	
  
n=10	
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Example	
  2	
  
Es2ma2on	
  of	
  a	
  disease	
  incidence	
  θ	
  	
  by	
  combining	
  a	
  measurement	
  with	
  expert	
  knowledge.	
  

Measurement  
on 40 plants  

20 diseased plants 

20 undiseased plants  

Expert 

Field	
  with	
  unknown	
  
disease	
  incidence	
  θ	
  

Plot	
   Alpha=1.142	
  
Beta=2.851	
  



Posterior	
  
y=20	
  
n=40	
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Prac2cal	
  considera2ons	
  

• 	
  The	
  analy)cal	
  expression	
  of	
  the	
  posterior	
  distribu)on	
  can	
  
be	
  derived	
  for	
  simple	
  applica)ons.	
  

• 	
  For	
  complex	
  problems,	
  the	
  posterior	
  distribu)on	
  must	
  be	
  
approximated.	
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Prior 
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Data 
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Likelihood 
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Algorithm 

•  Metropolis-Hastings implemented in R 

•  Three chains of 10000 iterations 

•  Crop model in Fortran encapsulated within R 
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Posterior parameter 
distributions 
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Posterior means of the 
outputs 



The Bayesian boom 
 
•   New methods for estimating posterior probability distributions  

  
ü   Markov chain Monte Carlo (MCMC)    Late 1990s 
ü   Importance sampling                  Late 1990s 
ü   Approximate Bayesian Computation (ABC)  Early 2000s 
ü   Bayesian melding         Early 2000s 
ü   Bayesian Model Averaging (BMA)    Early 2000s 

 
•  Strong decrease of computational time  

•  Dedicated softwares (BUGS, R packages etc.) 
 
à  It is now possible to apply Bayesian techniques  

 to complex problems 
 
 


