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Estimation of parameters (6)

Parameter = numerical value not calculated by the model and
not observed.

Information available to estimate parameters

- A set of observations (y).

- Prior knowledge about parameter values.



Two distributions in Bayes’ theorem

e Prior parameter distribution = probability distribution describing
our initial knowledge about parameter values.

P(6)

e Likelihood function = function relating data to parameters.

P(y|0)
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Example 1

Estimation of crop yield & by combining a measurement with expert knowledge.

about S t/ha =2
Measurement

y=9tha=xl

O

O
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Example 1

Estimation of crop yield 6 by combining a measurement with expert knowledge.

e One parameter to estimate: the crop yield 6.

e Two types of information available:

- A measurement equal to 9 t/ha with a standard error equal to 1 t/ha.

- An estimation provided by an expert equal to 5 t/ha with a standard
error equal to 2 t/ha.
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Prior distribution

e |t describes our belief about the parameter values before we
observe the measurements.

e |t is based on past studies, expert knowledge, and litterature.
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Example 1 (continued)

Definition of a prior distribution

0~ Ny, 7)
1 (0-u)]_ 1 (9-5)
P = — = —
©) 27T’ T 274 R Y

e Normal probability distribution.
e Expected value equal to 5 t/ha.

e Standard error equal to 2 t/ha
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Example 1 (continued)

Plot of the prior distribution
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Likelihood function

e A likelihood function is a function relating data to parameters.

e |t is equal to the probability that the measurements would have been
observed given some parameter values.

* Notation: P(y | 8)
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Example 1 (continued)

Statistical model

y=0+¢ withe~N(0O, o?)

y |18~ N(6, 0%)
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Example 1 (continued)

Definition of a likelihood function
y| 6~ N6, o*)

1

J2x

(9-6)
2

(v-o)
207

P( 10 ) = exp
27O

exp

e Normal probability distribution.
e Measurement y assumed unbiaised and equal to 9 t/ha.

e Standard error o assumed equal to 1 t/ha
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Definition of a likelihood function

l \ Maximum likelihood estimate

6 8 10 12

Theta (t/ha)
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Maximum likelihood

Likelihood functions are also used by frequentist to implement the
maximum likelihood method.

The maximum likelihood estimator is the value of & maximizing

Py | 0).
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Example 1 (continued)

Analytical expression of the posterior distribution

0 | y ~ N( upost' Tpostz )

7 =(1—B)xu+Bxy = 3.2
7. =(-B)x7’ =08
T° 4
B = -
T’ +0° 5
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Posterior probability distribution
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Example 1 (continued)

Discussion of the posterior distribution

Result is a probability distribution (posterior distr.)

Posterior mean is intermediate between prior mean and
observation.

Weight of each depends on prior variance and
measurement error.

Posterior variance is lower than both prior variance and
measurement error variance.

Used just one data point and still got estimator.
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Frequentist versus Bayesian

Bayesian analysis introduces an element of subjectivity:
the prior distribution.

But its representation of the uncertainty is easy to understand

- the uncertainty is assessed conditionally to the observations,

- the calculations are straightforward when the posterior distribution is known.
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Which is better?

Bayesian methods often lead to

- more realistic estimated parameter values,

- in some cases, more accurate model predictions.

Problems when prior information is wrong and when one
has a strong confidence in it.



Example 2

Estimation of a disease incidence 6 by combining a measurement with expert knowledge.

Measurement
on n plants

y diseased plants

n-y undiseased plants
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Expert elicitation
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Example 2

Estimation of a disease incidence 6 by combining a measurement with expert knowledge.

Alpha=1.142

Beta=2.851
Measurement

on n plants
y diseased plants

n-y undiseased plants
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Example 2

Estimation of a disease incidence 6 by combining a measurement with expert knowledge.

Alpha=1.142

Beta=2.851
Measurement

on 10 plants
5 diseased plants

5 undiseased plants
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Example 2

Estimation of a disease incidence 6 by combining a measurement with expert knowledge.

Alpha=1.142

Beta=2.851
Measurement

on 40 plants
20 diseased plants

20 undiseased plants
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Practical considerations

e The analytical expression of the posterior distribution can
be derived for simple applications.

e For complex problems, the posterior distribution must be
approximated.
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N,O=rDa+cNi
Da = PDR Fy Fy Fr

Ni=MNR Ny Nw N7
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The response functions are unitless and read:

INO, |
Fn= KmMgenit +3[N0§] )

where Fy is the denitrification response factor to [NO; | the soil
nitrate content (mg N kg~ soil), and Kmgei: the half-saturation
constant (mg N kg~ soil)

Fw = 0, WFPS < Tryeps
FPS — nwm] Pow (8)

Fy = ., WFPS >Tr

w T~ Tromps = Irwrps
where Fyy is the denitrification response factor to soil WFPS, Trygps
is a threshold value below which no denitrification occurs and
POW is the exponent of the power law

Fr=exp [(T— TTrgenie)In (Q1 Od]eg’t,l) -9In(Q1 0denit,2)], T < TTrge
P p— [(T - 20)"11(0Q1Odenin2)] T > TTraens

(9)

where Fr is the denitrification response function to soil tempera-
ture (T, °C), in the form of two sequential Q10 functions below and
above a threshold temperature (TTrgy,). The two Q10 values
(Q104.pi 1 and Q104> ) correspond to the relative increase in
denitrification activity for every 10° Cincrease in T

. NH]
N = Koo + NF] (10)
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Prior

Parameter vector 8 = [0 -- -0y ] Default value Prior probability distribution

6; Symbol Description Unit Omin (1) Omax (1) References

6,4 Trwres WFPS threshold for denitrification % 062 0.40 080 Gabrielle (2006), Hénault et al. (200
Hénault and Germon (2000), Johnss

6, Km genit Half-saturation constant (denit) mgN kg soil 22,00 5.00 120.00 Gabrielle (2006), Ding et al. (2007)
Parton et al. (2001), Del Grosso et a
Parton et al. (1996), Bateman and B
Johnsson et al. (2004)

0 TIT genie Temperature threshold = 11.00 10.00 15.00 Gabrielle (2006), Johnsson et al. (20
Renault et al. (1994)

64 Q10,4004 Q10 factor for low temperature Unitless 89.00 60.00 120.00 Stanford et al. (1975), Maag and Vir

65 Q104enie 2 Q10 factor for high temperature Unitless 2.10 1.00 4.80 Gabrielle (2006), Stanford et al. (19

B¢ POW genit Exponent of power function Unitless 174 0.00 2.00 Stanford et al. (1975), Smith et al. (
Johnsson et al. (2004), Maag and Vi
Maag and Vinther (1996), Skopp et.

6, OPTwrrs Optimum WFPS for nitrification % 060 0.35 075 Jambert et al. (1997), Laville et al. (:

O3 MINwrps Minimum WFPS for nitrification % 0.10 0.05 0.15 Linn and Doran (1984), Jambert et a
Skopp et al. (1990), Ding et al. (200
Parton et al. (2001), Bateman and B

fq MAXwrps Maximum WFPS for nitrification % 080 0.80 1.00 Linn and Doran (1984), Parton et al.
Bateman and Baggs (2005)

610 Km; oy Half-saturation constant (nit) mgN kg soil 10.00 1.00 50.00 Linn and Doran (1984), Jambert et a
Pihlatie et al. (2004)

A1 Q10;,, Q10 factor for nitrification Unitless 2.10 190 13.00 Maag and Vinther (1996), Laville et

Smith (1997), Dobbie and Smith (20
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Data

Site Treatment Year Soil texture class Crop type N fertiliser Number of Source
(kgNha™') observations

Rafidin NO 1994-1995 Rendzina Rapeseed 0 7 Gosse et al. (1999)

N1 1994-1995 Rendzina Rapeseed 155 8 Gosse et al. (1999)

N2 1994-1995 Rendzina Rapeseed 262 9 Gosse et al. (1999)
Villamblain 1998-1999 Loamy Oay Winter Wheat 230 15 Hénault et al. (2005)
Arrou 1998-1999 Loamy Oay Winter Wheat 180 18 Hénault et al. (2005)
La Saussaye 1998-1999 Clay Loams Winter Wheat 200 14 Hénault et al. (2005)
Champnoél cT 2002-2003 Silt Loam Maize 0 15 Dambreville et al. (2008)

AN 2002-2003 Silt Loam Maize 110 23 Dambreville et al. (2008)
Le Rheu cT 2004-2005 Silt Loam Maize 18 24 Dambreville et al. (2008)

AN 2004-2005 Silt Loam Maize 180 22 Dambreville et al. (2008)
Grignon 2005 Silt Loam Maize 140 31 Lehuger et al. (2007)
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K

log L,‘ = Z

j=1

(-os(

Likelihood

Yi— fw;; 6;)
0'.

2
) —0.5log (27) — log (O'j))
j
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Algorithm

* Metropolis-Hastings implemented in R
* Three chains of 10000 iterations

* Crop model in Fortran encapsulated within R



Posterior parameter

distributions
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Posterior means of the
outputs
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The Bayesian boom

« New methods for estimating posterior probability distributions

v" Markov chain Monte Carlo (MCMC) Late 1990s
v" Importance sampling Late 1990s
v' Approximate Bayesian Computation (ABC) Early 2000s
v' Bayesian melding Early 2000s
v' Bayesian Model Averaging (BMA) Early 2000s

« Strong decrease of computational time
 Dedicated softwares (BUGS, R packages etc.)

- It is now possible to apply Bayesian techniques
to complex problems



