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Outline

. Objective & main principles
. Model specification

3. Filter and smoother using Gaussian dynamic
inear models

4. Filter and smoother using non-linear models

. Conclusion
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Data assimilation aims at improving model
performance by assimilating data into the model



Two approaches

| Parameter estimation
" Data are used for estimating model parameters
" See the courses on parameter estimation

I Filter and smoother

" Data are used to update model state variables

" Sequential approach (update done each time a
data is available



I"HSY&E& 1Yo () +

| ,%'%-**" *+./-%./#0
" 19%.%SORIBI 4H'S+ /% /05 - #3366 Vo-* '+
"7 SH2 SR Y0-* ! *+./-%./1#0

| 8/6.% %03 ##.)*
" 196.%$9R%S3 HE28:3%.*S-#3*65+.%.*$9%'/%: 6+ +
" 7% 2%0./%B%6&& HY(32&3% 380* *%() /-+$%$
3%.96%/69%/6%:6*



"H#EW&'(1"H&'D' ) +"HE&,'-

awa

I"H"SUO&H (#)*$ +,- "U&H (H)*$ J##0$"$'1



"H#EW&'(1"H&'D' ) +"HE&,'-

awa

"H"SU&H (#)*$ +,- "U&H (H)*$ J##0$"$'1



"HS%& () *$++&+(*,-$%().

Biomass (g/m?)

1000

500

1500 2000

/)O#-& {
+(*, $%()\
/Il( }
/'i
} 10)*$++&
L ST 2004 %

------- e i 4 ”0 * .
0 50 100 150 200 250

Day since sowing



Biomass (g/m?)
500 1000 1500 2000 2500

0

"H$%&" ()*+&)" -&+." ()/0%1$)2"+,133)
3" 4#1$"+!

"#$%&'()(*+,*-$.*/'0'*$1*234'5%6)3%"  "#$%&'()(*7,*1)8&*/'0'/*$1*234'5%6)3%"

=
@) 2 | ()
Q=0.1g*m™ S Q= 10 g?m™
—_ O
~ o™~ )’
£ o
2 B Ry
2 - :
g 3
S - ,
o o
o
m »
...—.—..Q-——-"Q—'—P-‘\.; o .—Q--——’Q-‘"‘t—/rj
0 50 100 150 200 250 0 50 100 150 200 250

Day since sowing Day since sowing



Biomass (g/m?)
500 1000 1500 2000 2500

0

"H$%&" ()*+&)" -&+." ()/0%1$)2"+,133)
3" 4#1$"+!

"#$%&'()(*+,*-$.*/'0'*$1*234'5%6)3%"  "#$%&'()(*7,*1)8&*/'0'/*$1*234'5%6)3%"

(a) A
Q=0.1g°m™ S Q= 10 g?m™
E S
23 L
E © ’
2 ,
® 8
* o .—o---—-ﬁ“""t,k
0 50 100 150 200 250 0 50 100 150 200 250
Day since sowing Day since sowing
9:6//*4$55'4%)$3*$1*%&* 9%5%$38*4$55'4%)$3*$1*%&"*

():2/6%";*<)$:6(( ():2/6%";*<)$:6((



Biomass (g/m?)
500 1000 1500 2000 2500

0

Filtering for improving wheat biomass
simulation

#5968 () (*+,*-$.4/'0'*$1*234'5%6)3%"

(a)

Q=0.1g°m™

50 100 150
Day since sowing

200

250

Biomass (g/m?)
500 1000 1500 2000 2500

0

I"#$%&'()(*7,*1)8&*/'0'/*$1*234'5%6)3%"

(b)
Q= 10 g°m™
e
0 50 100 150 200 250

Day since sowing

0':2'306)6/*2#:6%)38*$1*%& *()<2/6%':*.&'6%*=)$<6((*
/'6:)38*%$*63%)<#5$0'*#5")4%)$3*$1*1)36/*=)$<6((



"HBYR HD(HE)*+%." "V " ++HOH)"I#,$%12:

! 4*5*),_%(’u*(/#,$%*&*$.+ ’$%
"B RN HTHORG/
" 8S(FHIO #$%0,. % )8b* H(/H#, B+

A i
Yo<#=>%0, PG~ /"H#$/9 | 1"HSY&SHH(")$%

| <H=3% -+ 70%S
94, 0,%)%T7S(*[H#SI9 | 1%+, - SH#(")$%



"HBYR HD(HE)*+%." "V " ++HOH)"I#,$%12:

MHS%ET() —> IHSWR"(H, —>  IHWE () —>  I'HE%E()F+.



"HBYR HD(HE)*+%." "V " ++HOH)"I#,$%12:

MHS%ET() —> IHSWR"(H, —>  IHWE () —>  I'HE%E()F+.

/01234&"™ () /012348 ()*'+, J01234&" ()*'+- /01234&" ()*'+.



"HBYR HD(HE)*+%." "V " ++HOH)"I#,$%12:

| AH) [ HEETR.THSS +" % 8" H#" Q)4 *$/H")) < #SV6/HO*

3()*+$%(,- % 3()*+$% -.9%/0 3()*+$% -.%l/1 30)*+$%(,-.%/2
"H$%&H I"H#$%&H / "H$%&H I"H$Yo&:H
()*+$%(,-. % '()*+$%(,-.%/0 '()*+%$%(,2%6/1 '()*+$%(,-.%/2

I 1 I |

45'8&67%%(,-.% 45'&67%$%(,-.%/0 45'&67%$%(,-.%/1 45'&67%$%(,-.%/2



"HSYR HD(HE)*+90." "% ++HOH)" [#,$%12:

» 40,,/5#%6 788&."#36 +/"[*%9"#".)*%#PEC")) %, . +*'9"/#,+

MHS%ET() —> IHSWR"(H, —>  IHWE () —>  I'HE%E()F+.

/01234&"™ () /012348 ()*'+, J01234&" ()*'+- /01234&" ()*'+.



"HSYR HD(HE)*+90." "% ++HOH)" [#,$%12:

» 40,,/5#%6 788&."#36 +/"[*%9"#".)*%#PEC")) %, . +*'9"/#,+

3()*+$%(,-% 3()*+$% -.%I/0 3()*+$% -.%/1 3()*+3$%(,-.%/2
1"H#3$%&H I"H#$%&H / 1"H#$%&H I"H#$%&H
'()*+$%(,-. % '()*+$%(,-.%/0 '0*+$%(,-.%/1  '()*+$%(,-.%/2

I /
45'8&67%%(,-.% 45'&67%$%(,-.%/0 45'&67%$%(,-.%/1 45'&67%$%(,-.%/2



"##35%&

L I"H#$%&'()*'+,--$.%85%' () *+()++,-(.+%(
"10$)123(0&2$#14(-)$) (5$%1$6, -

| N$)'(53%136,-($%'("/0$)'0(-'7"2)1$,,&(12(
)1#("-123(0$)$

| 8'$-"%'#'2)($20(#+0", (‘% %+%-($%' (6+)9(
)$:12(12)+($44+"2)



"##35%&

o '()*"+)*,-*-./0)%.12*$13*+#,,0(.12*.+*4"%%) 10,
[#.0)3*.1*$2%.4"/0"%)*$13*)15.%,1#)10%/*
+4.)14)

e '()* .14%)%$+)*.1*3)0)40.,1*$13*0%$1 +#.++.,1°
4%6%$7./.0&*#%$8)+*0(.+*$66%,$4(*$00%%$40.5)
#6%,5.12*6%)3.40.,1+* -*+&+0)#*#,3)/+9*

* :"*0,0()*%)4)10*3)5)/,6#)10*,-*1);*
$/2,%.0(#+*$13*,-*)--.4.)10*0,,/+<*+"4(*$+*0(,-
$5%$./$7/)*.1*=<*0()*$66/.4%0.,1*,-*-./0)%.12*$.
+#,,0(.12*.+*1,;*%)/$0.5)/&*) $+&9**



! II#$%&|

) "+'#%-"/.01%&.23%&,%2%'4
5) 678'$.42',%9%,1#%7&

) 1%95#'3.1&8.4077#<'3."4%&=.>1"44%1&.87&
$%4&'13.078'$4

@):%$#'3.1&8.4077#<'3."4% & AR 3.078'$4
B) C7&,$"4%7&



"HSY68! (B)*+), "

0" $12,-*"

o I"HSY&' () +$-. )+

3%%,-$'&,.&"4'$56,-*".&)"%%%)-$HE& ,-&-*&SBB & 7" H#$%0 &
- ,-$&6,5%,4%%9".&

o JOH($1,$-. 0"+

- $)5*4%' -8$&#<., 7*)&4$8,6"58"+8-8$& -,-$8&6,5* 4%
>-&5$%,-$'&-8$86,%2%'&"+&-8$86$)-"5&"+&-8$& - -$¢
-&-*T$&-"&-8386,%2$'& -8 TBE



"H$%& ()*+,$-. () *+

Y,

f(Z, X", ")

7'+6*1,($%1,
[(($.&%)"08,  2+43.(&%)"05,  4)536. 88* +(40 4% (5,
|(1()1$’( I(’()1$’( 3'%I1$($%# |"#$%&$'(|)* *:’(;$’

%$0'()*+#;)3



"H$Y68 Vo () ¥+ -

L, = g ZﬂpX(Z) v/ 77t11

LN

1$*$%' */+*01%'  1$*$%' */+*01%'4-5)$' */+*01%'  6+7%8' 9*-8,&'$%/&’
*$'$+&%'$ *$'$+&YB *$E+&%'S  5F&%$%l  8YHI[H0+IHE%&



"#3%&' ($)*+%),-*".
| 1"H$%8& )+ $-. )+

Y, = f(Z, X", 1"
L JO#($1, $-.'()*+

Zt = g(Zt! 17 Xt(Z)"I ) "t! 1)



"#$%&'()*(+#,-. $(/H#&0($.-'&
| "H$%& () *+,$-. )+

Y=2Z+! ', ~N(0,"7)
| J0#($1,$-.'()*+

Zt:Zt!1+!t!1 !“1~N(O’"-’2)



Yield (1 ha-1)

4568 ()*(+# - $(H80($.-'&

3.0

2.5

2.0

1.5

\!II

1960

1970

1980

12'#3(45'&-(-#3#(5,(67"8'(9:<=

Year

1990

2000

|
2010



Min temperature in december

"#35%&' ()*+,-./'0/'1123" $.4'&*52-6

8$2929*7'$;'/

T T T T
1960 1970 1980 1990

Time

T
2000

T
2010

Yield in the Eure departement (t ha-1)

[.3#12#-'1

Min temperature in June

NS

=6'#- >2'&29*/

I I I I I I
1960 1970 1980 1990 2000 2010

Time

8$292%,9'

T T T T T T
1960 1970 1980 1990 2000 2010

Time




"HS%8&" ()+,-&H'0*1,2/'2/

| 345'06#/-,2*78#l-,2
O:"*#$,82/*,;* #/'0*-2*[."*5,-&*-5*$'#580'<*5'6'0#&*
[-$'5*'6'0=*="#0>*

| +=5/'$*'78#/-,2

O:"* #'O*A#&H2 1"*:#5*#*5-22& *5/#*6H#O-H#AL' @*/:"™*
HES,82/* % HI'O*H[*[*4'2-22-2 7% ¥ [ * <=k Dxf*
20#55&H#2<>*



Example 3: Soil water content
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Example 4: Nonlinear population model

* This model is a dynamic model of a weed infestation of
blackgrass ("#$%&'()&*+,') and it damage effect on wheat
yield. It is based on weed model of Munier-Jolain et al. (2002)
that included classical ecological concepts (survival,
reproduction, fluxes between classes) often used to described
population dynamic.

 The system is represented by 4 dynamic state variables: weed
density at emergence (d, plants.m™), seed production (S,
seeds.m™), surface seed bank after tillage (SSBa, seeds.m™),
depth seed bank after tillage (DSBa, seeds.m2).
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Summary

e Use of two equations
— Observation equation
— System equation
* Very flexible
— Data: continuous, binary, count
— One or several state variables
* From simple to complex models

— Linear Gaussian models
— Nonlinear models
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Fis amatrixand ¢, is a Gaussian random term. If ¥, includes N measurements and if Z
includes m states variables, Fis a (N x m) matrix, g, ~ N (O,V) ,and Visa (N x N)

variance-covariance matrix.
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G is a (m x m) matrix, n, ~ N (O,W), and W is a (m x m) variance-covariance matrix.



Example 1: Random walk model

* Observation equation

Y =2 +¢, | "H#5%&H# (" e, ~ N (0,082)

* System equation

Zt = Zt—l 1, ) !"#$%&I#I("! i N (O’ i IZ)
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Example 1: Random walk model
Kalman filter (t=1)

E(Zl‘Yl):ZO-l_K(Yl_ZO)

V(Z,|Y)=(1! K)!~




Example 1: Random walk model
Kalman filter (t=1)
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Example 1: Random walk model
('=1, .., ")

* Observation equation

Y =Z +¢, e, ~N(0,07)

* System equation

L, =L, TNy, ’7t—1~N(O’U§)
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V(Z |Y,)=(1! K)! ?
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MARSS fit is
Estimation method: kem

Convergence test: conv.test.slope.tol = 0.5, abstol = 0.001
Estimation converged in 194 iterations.

Log-1likelihood: -55.35096

AIC: 120.7019 AICc:
Estimate

R.R @0.37139

B.B 0.97534

u.u @.25489

Q. 0.00579

X0.x0 3.04248

Initial states (x@) defined at t=0

Standard errors have not been calculated.
Use MARSSparamCIs to compute CIs and bias estimates.

121.8784

"#$%8&(
MARSS fit is
Estimation method: kem
Convergence test: conv.test.slope.tol = 0.5, abstol = 0.001
Estimation converged in 265 iterations.
Log-likelihood: -52.30767
AIC: 116.6153 AICc: 118.2953

Estimate
R.R 0.3332
B.B 1.0000
u.u 1.6376
x0.x0 3.5435

C.(X.Y1,X 1) -0.0175
C.(X.Y1,X_2) -0.1325
Initial states (x@) defined at t=0

Standard errors have not been calculated.
Use MARSSparamCIs to compute CIs and bias estimates.
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"#$%& % (")H#)+ 2 =09(Zup X! )+ s
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Zr = g(zz-l ’XI’O) + Ht-l (Z:-l - ‘Zr-l)+ Wil
H, is a (mxm) matrix of partial derivatives of /~ with respect to the m elements of Z ,

ZAr is the predicted state variable at time t, Z, = £ (Zr \ Yysers y,) , w, isa m-error term vector

assumed to be normally distributed. The main drawback of this method is that the
linearization has been shown to be a poor approximation in a number of applications.
The linear approximation may not give a good description of how the model errors

evolve over time.
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Observation equation

Y=a,+a,0, +¢

™t

with O, is the output of the original nonlinear model

£, ~ N(O,Uf)

System equation
Zx = Z:-l + nr—l

Q,

al:

with Z =(

: ], . ~N(0,2),and 2=( O.0 02 ]
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Observation equation
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with O, is the output of the original nonlinear model
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n non 2\ noan S\
Y=Y, P(Y,d,) = exp(td " s 3)' (" s" )
|

k=1

where Y = 2 Y, is the total number of weed plants counted in year ¢ in the nsubplots
kw]

taken in a given plot, Y, is the weed count in the k" subplot, k=1, ..., n, s is the surface

area of each subplot, 4, is the weed density before weed control computed by the

model.
8951'$*70#1. - nE
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10,000 Monte Carlo simulations with the Weed model
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